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Abstract
We study the length of the limit cycles of discrete monotone functions with symmetric con-
nection graph. We construct a family of monotone functions such that the limit cycles are of
maximum possible length, which is exponential in the number of variables. Furthermore, we
prove for the class of monotone functions with more than two states and connection graph equal
to a caterpillar that the length of the limit cycles is at most two. Finally, we give some exclusion
results in arbitrary trees.
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1. Introduction and denitions
The discrete networks have been extensively used to model biological systems as
the gene regulatory systems [5]. In this context, it is generally of a great interest and
relevance to know the possible limit cycles for di9erent classes of networks [1,6].
In this paper, we study the limit cycles of networks with monotone discrete updating
functions and symmetric connection graph. This class of networks has been studied in
[7,8] where the two-cycle behavior, in the boolean case, was proved for trees. Other
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studies about the limit cycles in discrete networks with symmetric connection graph
have been made for the class of threshold discrete networks [3,4].
First we give some deHnitions.
Let F =(f1; : : : ; fn) : {0; : : : ; m−1}n−→{0; : : : ; m−1}n denote a function of n vari-
ables and m states. If m=2, then F is said boolean function.
Given two vectors x; y∈{0; : : : ; m−1}n, we say that x6y if xi6yi for every 16i6n.
And x¡y if x6y and there exists i∈{1; : : : ; n} such that xi¡yi. In the case where
there are i; j∈{1; : : : ; n} such that xi¡yj and xj¿yi, we say that x; y are noncompa-
rable vectors.
A function F is said to be monotone if for every pair of vectors x6y, F(x)6F(y).
In this paper we study the dynamical behavior of F parallelly iterated, that is, given
a initial vector x(0)∈{0; : : : ; m− 1}n we study the trajectories (x(t))t∈N where
x(t + 1)=F(x(t)) ⇐⇒ xi(t + 1)=fi(x(t)); 16i6n:
Given a monotone function F , we call a sequence of vectors in {0; : : : ; m − 1}n
[x0; x1; : : : ; xp−1; x0]; p¿0 limit cycle of F of length p, if xj+1 =F(xj) for all j=0; : : : ;
p − 2 and x0 =F(xp−1). Observe that the vectors x0; x1; : : : ; xp−1 are noncomparable,
that is every pair i = j; xi; xj are noncomparable vectors (if not, they would be equal,
which is contradictory with p¿0).
The connection graph of F , denoted by GC(F)= (VC; EC), is a directed graph where
VC = {v1; : : : ; vn} is the set of nodes or vertices and an arc (vi; vj) is in EC if and only if
the function fj depends on the variable xi. We are interested in symmetric connection
graphs, that is to say, if the arc (vi; vj) is in EC, then (vj; vi) is also in EC.
Given a connection graph GC(F), we say that two vertices vi; vj are adjacent or
neighbor if either (vi; vj) or (vj; vi) is an arc of GC(F). By (vi) we denote the set of
vertices adjacent to vi. We say that a sequence of distinct vertices, except eventually
the Hrst and the last vertex, {vi0 ; vi1 ; : : : ; vik} is a chain of G of length k, joining the
nodes vi0 and vik , if k¿0 and (vi0 ; vi1 ); (vi1 ; vi2 ); : : : ; (vik−1 ; vik ) are arcs of GC(F). The
vertices vi0 and vik are called extreme vertices of the chain. If the extreme vertices in
a chain are the same, then we say that the chain is a circuit. The distance between
two vertices vi and vj, denoted by d(vi; vj) is deHned to be the minimum length of all
chains joining them.
A directed graph is connected if for every pair of vertices there is a chain in the graph
joining them. In this paper, we assume that GC(F) is always a symmetric connected
graph, so for all node i∈VC (i) = ∅, which means that all fi’s are not constant
functions.
2. Results
There are classes of monotone functions with symmetric connection graph, such that
the maximum length of the limit cycles is at most two, independently of the number
of states of the function and the circuits in the connection graph, for example the
majority functions (see [3,8]). However, we will see that in general the structure of
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the connection graph and the number of states of a monotone function determine the
maximum length of the limit cycles.
Since the vectors belonging to a limit cycle of a monotone function are noncompar-
able, its length is bounded by the maximum number of possible noncomparable vectors,
which is exponential in the number of variables of the function. In the boolean case,
it is equal to Cn=2n (Sperner’s theorem [2]). An example of monotone functions with
symmetric connection graph having a limit cycle of maximum length, is the class of
functions established in the following proposition.
Proposition 1. Let S = {x0; x1; : : : ; xp−1}; p¿2, be a noncomparable vectors set in
{0; : : : ; m − 1}n; m¿2, of maximum cardinality (i.e. there is no set with a greater
number of noncomparable vectors in {0; : : : ; m−1}n). Let Sc, {yl; l=1; : : : ; mn−p}
denote the complement set of S. Assume that Sc is a partially ordered set, that
is, if yi¡yj, then i¡j. Let F : {0; : : : ; m − 1}n→{0; : : : ; m − 1}n be the function
de8ned by
F(xi)= xi+1; ∀i=0; : : : ; p− 2; F(xp−1)= x0; and
∀yi ∈ Sc; ∀k =1; : : : ; n; F(yi)k =
{
m− 1 if ∃ x∈ S; x¡yi ;
0 if ∃ x∈ S; x¿yi :
Then, F is a monotone function with GC(F) symmetric and the sequence of vectors
[x0; x1; : : : ; xp−1; x0] is a limit cycle of F of length p equal to the maximum possible
length.
Proof. First, notice that for all yi ∈ Sc either there exists x∈ S such that x¡yi or there
exists x′ ∈ S, x′¿yi but not both. Indeed, since S is a noncomparable vectors set of
maximum cardinality, for all yi ∈ Sc there exists x∈ S such that either x¡y or x¿y.
On the other hand, if there exist x; x′ ∈ S such that x¡yi¡x′, then x¡x′ which is a
contradiction.
Let us now prove that F is a monotone function, that is, for all u; v∈{0; : : : ;
m − 1}n; u6v implies F(u)6F(v). If u∈ S and v∈ Sc, then F(v)k =m − 1, for all
k =1; : : : ; n, so F(u)6F(v). In the case u∈ Sc and v∈ S, F(u)k =0, for all
k =1; : : : ; n, hence F(u)6F(v). Finally, if u; v∈ Sc, then there exists x∈ S such that
either x¡u6v or u6v¡x or u¡x¡v, in both two Hrst cases F(u)=F(v) and in the
last case F(u)k =0¡m− 1=F(v)k for all k =1; : : : ; n, hence F(u)6F(v). Therefore,
F is a monotone function.
On the other hand, ∀i=1; : : : ; n; fi depends on all variables, hence GC(F) is a
complete graph and therefore symmetric.
By deHnition of F , the sequence [x0; x1; : : : ; xm−1; x0] is a limit cycle of F of
maximum length.
Example 1. Let m=3, n=2 and S = {(0; 2); (2; 0); (1; 1)}. S is a noncomparable vec-
tors set of maximum cardinality. So, Sc = {(0; 0); (0; 1); (1; 0); (1; 2); (2; 1); (2; 2)}, and
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Fig. 1. Example of caterpillar.
F : {0; 1; 2}2→{0; 1; 2}2 is deHned by
F(0; 2)= (2; 0); F(2; 0)= (1; 1); F(1; 1)= (0; 2);
F(0; 0)= (0; 0); F(0; 1)= (0; 0); F(1; 0)= (0; 0);
F(1; 2)= (2; 2); F(2; 1)= (2; 2); F(2; 2)= (2; 2):
So, F is a monotone function and the sequence
[(
0
2
)
;
(
2
0
)
;
(
1
1
)
;
(
0
2
)]
is a limit cycle
of F of length 3.
For the class of monotone functions described in the previous proposition the con-
nection graphs have circuits of all possible lengths. Let us now study the dynamical
behavior of monotone functions with connection graph where the circuits have only
length equal to two.
Here, as later, we say that a symmetric connected directed graph is a tree if the
circuits in the graph have length two. Let F : {0; 1}n → {0; 1}n be a monotone boolean
function, such that the connection graph of F is a tree. In [7] Robert and Tchuente
proved that the limit cycles of F have length at most two. It is not possible to apply
the argument used directly to case of monotone functions with more than two states.
So, we study monotone functions with m¿2 states and connection graph belonging to
the family of trees.
We call a graph G=(V; E) a caterpillar if there exists a chain C(G) subgraph of
G such that if vi is a vertex not in C(G) then vi has a unique vertex adjacent and
it belongs to the chain C(G). The nodes satisfying this property are called pending
vertices. Hence, a caterpillar is then a tree obtained from a chain by adding pending
vertices (see Fig. 1).
The following property is an extension of a known property of the monotone func-
tions (see [7]) very useful for the next results.
Next, for all limit cycles [x0; x1; : : : ; xp−1; x0]; p¿2 of a monotone function F and
k ∈Z, xki ≡ xk mod pi for every i=1; : : : ; n. Moreover, we denote by N the set of natural
numbers including the zero.
Property 1. Let F be a monotone function with m¿2 states.
Let [x0; x1; : : : ; xp−1; x0]; p¿2 be a limit cycle of F of length greater than two.
Then, for all k; h∈N; k− h = k (modp) there exists 16i6n such that xk−hi ¡xki and
hence, there exists 16j6n, such that vj ∈(vi) and xk−h−1j ¡xk−1j . Moreover, there
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exists l∈N; l = k (modp) such that xl−hi ¿xli . The same results are valid changing
“¡” by “¿” and vice versa for all comparisons of xi’s.
Proof. Given k; h∈N; k − h = k (modp), since xk−h and xk are two noncomparable
vectors, then there exists 16i6n; such that xk−hi ¡x
k
i , so there exists 16j6n, such
that vj ∈(vi) (because fi is a no constant function) and xk−h−1j ¡xk−1j , since other-
wise xk−hi ¿x
k
i . Suppose now that for every t ∈N xk−th¡xk−th+h, so xk−ph¡xk , but
k − ph= k (modp) which is a contradiction. Therefore, there exists l∈N;
l = k (modp) such that xl−hi ¿xli .
Lemma 1. Let F be a monotone function with m¿2 states, and such that GC(F)=
(VC; EC) is a caterpillar with a given decomposition C(G)∪{vi ∈VC : vi is a pending
vertex}, and let V∞=(vik )k∈N and V˜∞=(v˜–k )k∈N be two sequences of nodes such
that ik ; –˜k ∈{1; : : : ; n}, vik+1 ∈(vik ) and v˜–k+1 ∈(v˜–k ) and vik = v˜–k for every k ∈N.
Then for a 8xed extreme node v∗ of C(G), if d(v˜–0 ; v
∗) − d(vi0 ; v∗)= 2q; q∈N,
and d(v˜–0 ; v
∗)=d(vi0 ; v
∗) if and only if vi0 is a pending node, then for every k ∈N
d(v˜–k ; v
∗)−d(vik ; v∗)= 2q; q∈N, and d(v˜–k ; v∗)=d(vik ; v∗) if and only if vik is a pending
node.
Proof. Let us prove the assertion by induction on k. For k =0 the assertion is true. Sup-
pose that the assertion holds for values less than k +1. d(v˜–k+1 ; v
∗)=d(v˜–k ; v
∗)± 1 and
d(vik+1 ; v
∗)=d(vik ; v
∗)± 1. Hence, d(v˜–k+1 ; v∗)− d(vik+1 ; v∗)= 2q + l where d(v˜–k ; v∗)−
d(vik ; v
∗)= 2q; q∈N and l∈{−2; 0;+2}. If q=0, then by induction hypothesis vik
is a pending node, so d(vik+1 ; v
∗)=d(vik ; v
∗)− 1 and therefore d(v˜–k+1 ; v∗)¿d(vik+1 ; v∗).
On other hand, if d(v˜–k+1 ; v
∗)=d(vik+1 ; v
∗), then either v˜–k+1 or vik+1 is a pending node.
But if v˜–k+1 is a pending node then d(v˜–k ; v
∗)¡d(vik ; v
∗) which is not possible. Hence,
vik+1 is a pending node.
Theorem 1. Let F be a monotone function with m¿2 states such that the connection
graph GC(F) is a caterpillar, then the limit cycles of F have length at most two.
Proof. Fix a decomposition of GC(F)= (VC; EC) given by a chain C(G) and a set
of pending nodes and let v∗ be a Hxed extreme node of C(G). Let us suppose
that [x0; x1; : : : ; xp−1; x0]; p¿2 is a limit cycle of F of length greater than two. We
construct two sequences of nodes satisfying opposite properties, and we proof that
these sequences have an intersection point which is not possible, thus we shall obtain
a contradiction.
First we study the case p even. By Property 1 the set W = {vi ∈VC : ∃l∈N; xl−2i ¡
xli} is not empty, so let vi0 be the vertex in W such that d(vi0 ; v∗)= min{d(vj; v∗) : vj ∈
W} and if there exists another vertex vj0 ∈W such that d(vi0 ; v∗)=d(vj0 ; v∗) then we
choose vi0 to be a pending node (Property (∗)). On other hand, without loss of gen-
erality, we shall suppose that xp−2i0 ¡x
p
i0 . Thus, beginning with vi0 , we can construct
inductively a sequence of nodes V∞=(vik )k ∈N of VC as follows:
• ik ∈{1; : : : ; n} for all k ∈N,
• vik ∈(vik−1 ) such that xp−2−kik ¡xp−kik , ∀k ∈N.
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Since xp−2i0 ¡x
p
i0 , by Property 1 and p even, there exists r=p−2t; t ∈N even such that
xr−2i0 ¿x
r
i0 . Therefore, we can construct analogously a sequence of nodes V˜∞=(v˜–k )k∈N
beginning with v˜–0 = vi0 and where –˜k ∈{1; : : : ; n} and xr−2−k–˜k ¿x
r−k
–˜k
for every k ∈N.
Since vi0 satisfy the Property (∗) about the distance, d(vi0 ; v∗)= min{d(vj; v∗) : ∃l∈N
xl−2j ¿x
l
j} (Property (∗∗)), i.e. vi0 also satisHes the analogous property for the
sequence V˜∞.
We shall prove that there exists k ∈N such that vik+p−r = v˜–k , which means that
ik+p−r = –˜k ≡ m and xp−2−(k+p−r)m ¡xp−(k+p−r)m and xr−2−km ¿xr−km , which is a contra-
diction. For this, we will prove by induction the following inequalities.
d(v˜–k ; v
∗)6d(vik+p−r ; v
∗)6d(v˜–k+p ; v
∗); ∀k ∈N: (1)
We start by proving d(v˜–k ; v
∗)6d(vik+p−r ; v
∗); ∀k ∈N.
If k =0, then by deHnition v˜–0 = vi0 and by Property (∗) about vi0 , d(vip−r ; v∗)¿d(vi0 ;
v∗). On the other hand, since p− r is even d(vip−r ; v∗)− d(vi0 ; v∗)= 2q; q∈N. If we
suppose that v˜–k = vik+p−r for all k ∈N, then by Lemma 1, d(vik+p−r ; v∗)−d(v˜–k ; v∗)= 2q;
q ∈ N which proves the inequality.
Let us now prove that d(vik+p−r ; v
∗)6d(v˜–k+p ; v
∗); ∀k ∈N. Before we prove that for
every k ∈N; d(v˜–k+r ; v∗)− d(vik ; v∗)= 2q; q∈N. Analogously to the previous case, if
k =0 by Property (∗∗) and r even, d(v˜–r ; v∗) − d(vi0 ; v∗)= 2q; q∈N and d(v˜–r ; v∗)=
d(vi0 ; v
∗) if and only if vi0 is a pending node. Hence by Lemma 1, for every k ∈N
d(v˜–k+r ; v
∗)− d(vik ; v∗)= 2q; q∈N which implies that d(v˜–k+p ; v∗)− d(vik+p−r ; v∗)= 2q;
q∈N. Therefore, d(vik+p−r ; v∗)6d(v˜–k+p ; v∗) for every k ∈N.
Thus the sequence {d(v˜–k+lp ; v∗)}l∈N of integer values is increasing and bounded by
the length of C(G) +1, so there exists k0 ∈N such that d(v˜–k0 ; v
∗)=d(v˜–k0+p ; v
∗) and
by inequation (1) d(v˜–k0 ; v
∗)=d(vik0+p−r ; v
∗). Hence, by application of Lemma 1 to the
sequences of nodes (v˜–k )k ∈N; (vik+p−r )k ∈N and (vik+p−r )k ∈N; (v˜–k+p)k ∈N both nodes v˜–k0
and vik0+p−r are pending nodes. Therefore v˜–k0+1 = vik0+p−r+1 which completes the proof
for p even.
In the case p odd, we replace p by 2p in the proof and the same conclusion can
be drawn.
A diagram of the theorem’s proof for the chain in the case p even is shown
in Fig. 2.
A direct consequence of previous theorem is that for the class of monotone no
boolean functions with connection graph equal to a chain or a star the limit cycles are
of length at most two (see Fig. 3).
The following property is inherent to the trees and it will be useful to prove another
result about the length of the limit cycles of monotone functions with connection graph
equal to a tree.
Property 2. Let G=(V; E) be a tree and let V∞=(vik )k∈N a sequence of nodes of V
such that vik ∈(vik−1 ) for every i∈N. Then, there exist q; r ∈N such that viq = viq+2
and vir = vir+4 .
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Fig. 2. Diagram of theorem’s proof for the chain in the case p even.
Fig. 3. Particular examples of caterpillar: (a) chain; (b) the simple star. For these graphs, the length of limit
cycles are at most two.
Proof. First, since the set of nodes is Hnite and G is a tree, there exist p; q∈N such
that vip = vip+q , and in all cases q is even. On the other hand, if q is the minimum
r ∈N such that vip = vip+r , then it is easy to see that as G is a tree, vip+1 = vip+q−1 .
Now, let us suppose that min{s∈N :∃p∈N vip = vip+s}¿2. In this case, vip+1 = vip+s−1
which is a contradiction, hence there exists p∈N such that vip = vip+2 . Let us observe
that the cardinality of the set {vip ∈V : vip = vip+2 ; p∈N} is Hnite, hence there exist
p; r ∈N such that vip = vip+2 = vip+r = vip+r+2 , so there exists s¿2 such that vip = vip+s .
Let Qs= min{s∈N : s¿2; ∃p∈N vip = vip+s}. If Qs¿4, then either vip = vip+2 = vip+4 =
· · · = vip+ Qs or vip+1 = vip+q−1 . In both cases, there exists q∈N such that viq = viq+4 which
is a contradiction. So Qs=4.
Proposition 2. Let F be a monotone function with m¿2 states. If GC(F) is a tree,
then for all limit cycles [x0; : : : ; xp−1; x0] of F , p =∈{4; 8}.
Proof. Let us suppose that [x0; : : : ; xp−1; x0] is a limit cycle of F of length p∈{4; 8}.
By Property 1, for h=p=2, there exist i0; k ∈N, such that xk−hi0 ¡xki0 , and furthermore
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there exists vi1 ∈VC such that vi1 ∈(vi0 ) and xk−h−1i1 ¡xk−1i1 , so we can construct induc-
tively a sequence vi0 ; vi1 ; : : : of vertices beginning with vi0 such that vim ∈(vim−1 ) and
xk−h−mim ¡x
k−m
im for all m∈N. Hence by Property 2 there exists r ∈N such that vir = vir+2 ,
which means that xk−2−rir ¡x
k−r
ir and x
k−2−(r+2)
ir+2 ¡x
k−(r+2)
ir+2 , but if p=4, x
k−r−4
ir+2 = x
k−r
ir
which is a contradiction. Analogously, if p=8, then there exists r ∈N such that
vir = vir+4 , which draws a similar conclusion.
3. Conclusion
The maximum possible length of the limit cycles of a monotone function with two
or more states, which is exponential in the number of variables, is reached for functions
with symmetric connection graph having circuits of length di9erent from two. In the
case that the connection graph has only circuits of length two (tree), it is known that
for boolean functions the maximum length of the limit cycles is two [7]. This result
is also valid for functions with more than two states with connection graph equal to a
particular class of trees named caterpillar. And for arbitrary trees we have proved that
the length of limit cycles is di9erent from four and eight. Hence, we conjecture that
the maximum length of the limit cycles of a monotone function with more than two
states and symmetric connection graph equal to arbitrary tree is at most two.
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